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ABSTRACT 
Pulse-width control, when applied to single degree-of-
freedom systems, has been shown to be very effective in 
achieving high-precision positioning in systems subject to 
the undesirable effects of Coulomb friction and stiction.  
This paper describes continuing work into the application 
of pulse-width control to systems with more than one 
degree of freedom.  Specifically, this research focuses on 
the development and implementation of adaptation 
schemes for tabular pulse-width control.  Results are 
presented based both on simulations and experiments 
using a two degree-of-freedom prismatically jointed 
manipulator developed at Bucknell University.  These 
results show that Normalized Least Mean Square (NLMS) 
adaptation of tabular pulse-width control is stable, 
convergent, and consistently achieves positioning 
accuracies equal to that of the sensing devices employed.  
Moreover, adaptive tabular pulse-width control is shown 
to be effective with relatively small tables even with 
significant parameter variations and problematic system 
behavior.   
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1.  Introduction 
 
This paper focuses on the evaluation of adaptive tabular 
pulse-width control when applied to a two degree-of-
freedom robot that has one revolute and one prismatic 
joint.  This work builds directly on previous research of 
the authors into the application of pulse-width control to 
multi-degree-of-freedom mechanisms [1-7].  Traditional 
pulse-width control has been shown by other authors 
(such as [8,9]) to be an effective method of significantly 
improving the positioning precision of high precision 
mechanical devices, such as assembly robots, micro-
mechanisms, surgical tools, and disk drives.  For optimum 

performance, two obstacles inherent to such devices must 
be overcome: stiction and structural flexibility.  The 
performance of conventional controllers, such as 
proportional-integral-derivative (PID), is severely limited 
when confronted with significant amounts of either 
friction or flexibility.  This is manifested by the 
occurrence of limit cycles, exceedingly long convergence 
times, or the degradation of performance as system 
parameters change.   
 
As an alternative to conventional controllers for high 
precision applications, Yang and Tomizuka [8] were the 
first to propose pulse-width control (PWC).  Pulse-width 
control is particularly well suited to coping with the 
disparity between levels of static and kinetic friction and 
has been successfully applied to the control of robotic 
manipulators and other mechanisms in the presence of 
Coulomb friction and stiction.  As originally proposed by 
Yang and Tomizuka, pulse-width control utilizes 
rectangular force pulses of fixed amplitude and variable 
duration.  The duration of the force pulse required to 
move a rigid, single-mass, translational system a distance 
e was shown to be  
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where tp is the force pulse duration, m is the mass of the 
system, fc is the Coulomb friction force acting on the 
mass, and fa is the actuator force applied to the mass.  
Note that the amplitude of the actuator force pulse must 
be greater than the static friction force to ensure the 
initiation of motion.  Using Eq. (1), a single pulse should 
suffice to move the mass to its desired final position.  
When the mass comes to rest at a position other than the 
desired one (due to uncertainties or variations in the 
values of the system parameters) additional pulses are 
applied, with the system coming to rest between 
successive pulses, until the desired position is achieved.  
To evaluate the performance of PWC, Yang and 
Tomizuka conducted experiments with a mass driven by a 
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single lead screw.  The experimental apparatus was 
specifically designed to be very rigid, with a low backlash 
lead screw and a non-compliant shaft.  The results 
demonstrated high positioning accuracy and a rapid 
response.  Moreover, an adaptive version of the pulse-
width controller was robust and capable of tolerating 
significant variations in system parameters.   
 
 
2.  Related Work 
 
There have been numerous studies of the application of 
pulse-width control to a variety of systems that have gone 
beyond the basic work of Yang and Tomizuka.  Initial 
work that formed the basis of the current study was done 
by Rathbun,  Berg, and Buffinton [10,11].  These studies 
extended the theory of PWC and applied it to a truely 
industrial system, namely a large (14m x 7.5m x 3m 
workspace) gantry-style, prismatically jointed robot.  For 
this system, a simple proportional-integral controller was 
used to move the end-effector relatively close to its 
desired position.  When the PI controller no longer 
effectively moved the system closer to the desired 
position, PWC was implemented (PWC is intended to be 
applied only when a system is close to its desired 
position).   
 
Wu and Tung [9], using a nearly identical apparatus to 
that of Yang and Tomizuka, also significantly furthered 
the development of PWC.  Instead of using predetermined 
durations for a force pulse, however, the force pulse was 
simply applied until the velocity of the mass rose above a 
predefined threshold, at which time the application of the 
pulse was terminated until the velocity was again below 
the threshold or the position within the specified 
tolerance.   
 
The only documented investigations of the application of 
PWC to multi-link systems with dynamically coupled 
axes of motion have been done by Arif [1], Beal [2], and 
Perkins [3] (extensions of the work of Perkins are 
presented in [4-7]).  Arif developed simulations of both 
rigid and flexible manipulators with two revolute joints 
under PWC.  She showed that a direct application of the 
controller developed by Yang and Tomizuka, without 
accounting for dynamic coupling, did not 
generallyproduce convergent results and in many cases 
lead to instability.  Beal extended the work of Arif and 
investigated various other pulse-width control schemes 
and applied them in simulation to a two-link, revolute 
jointed manipulator.  Beal established that for 
dynamically coupled, multiple degree-of-freedom 
systems, a direct application of Eq. (1) is inadequate and 
that the coupling between links must be explicitly taken 
into account in the determination of appropriate pulse 
durations.  In his most successful scheme, Beal made 
direct use of the coupled equations of motion to develop 
lookup tables (in some ways similar to Armstrong-
Hélouvry’s tabular compensation method [12]) for the 

pulse durations needed to produce a desired maneuver.  
This tabular method was shown not only to be effective 
and robust when subject to variations in system 
parameters, but also to require relatively small numbers of 
tabulated values, even when simple linear interpolation 
was used to determine values between table entries.  
Beal’s results additionally demonstrated that a tabular 
pulse-width controller developed with a rigid body model 
could be used to effectively control a corresponding 
flexible system by taking advantage of the piecewise 
linear gain method developed by Rathbun, Berg, and 
Buffinton.   
 
The research described in this paper is a further extension 
of the work done by Perkins [3] and Schwab [5] and 
specifically documents the results of simulations and 
experimental implementation of an adaptive tabular pulse-
width controller.  In both simulations and experiments, 
the tabular controller is applied to a two degree-of-
freedom manipulator with rigid links.  The manipulator 
used for experiments was developed at Bucknell 
University and has one prismatic joint and one revolute 
joint.  For simulations and experiments, the tabular 
controller uses a Normalized Least Mean Square (NLMS) 
adaptation scheme, similar to that described in [13].  
Results indicate NLMS adaptation of tabular pulse-width 
control is stable, convergent, and consistently achieves 
positioning accuracies equal to that of the sensing devices 
employed.  Moreover, adaptive tabular pulse-width 
control is shown to be effective with relatively small 
tables even with significant parameter variations and 
problematic system behavior.   
 
 
3.  Theory and Simulations 
 
To evaluate the effectiveness of adaptive tabular pulse-
width control in simulation, the system model shown in 
Figure 1 was used.  In performing system maneuvers, a 
torque can be applied at point O and a force can be 
applied at point P to drive rotational and translational 
motions, respectively.  Values of the system parameters 
used in the simulations were LA = 0.125 m, LT = 0.25 m, 
LP = 0.25 m, L = 1m, LC = 0.125 m, mA = 1 kg, mB = 1 
kg, mC = 0.5 kg, IA = 0.05 kg-m2, IB = 0.1 kg-m2 IC = 0.01 
kg-m2.  The values of the stiction and Coulomb friction 
torques were selected based on values reported by 
Pongpunwattana [14] and accentuate the sticking behavior 
of the system.  A Karnopp model [15] was used to model 
the friction acting on the system.   
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Figure 1: Simulation model 

If system parameters are known exactly, even non-
adaptive tabular pulse-width control (as described in [4]) 
produces excellent results, as shown in Figure 2 (the 
upper graph in the figure shows the orientation of link A 
and the lower graph the translation of link B).  For this 
simulation, the exact values of the system parameters 
were used as inputs to the controller.  The system reaches 
the desired orientation and position very quickly, very 
nearly with only one torque pulse and one force pulse.   
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Figure 2: Tabular PWC with exact system parameters 

The close to perfect performance shown in Figure 2 is of 
course not achievable when inexact or uncertain system 

parameters are used to create the tabular pulse-width 
control tables.  In such a situation, an improvement in 
performance can be achieved through the use of an 
adaptation algorithm.  The one studied here is essentially 
a proportional adaptation scheme in which tabular pulse-
width control values are adapted based on their proximity 
to measured data.  Figure 3 depicts typical elements in a 
table (t11, t12, t21, and t22) and the corresponding abscissae 
(xr1 and xr2) and ordinates (xt1 and xt2).   

 
Figure 3: Illustration of typical table elements 

The tij (i, j = 1, 2) represent pulse durations corresponding 
to rotational errors (xr1 and xr2) and translational errors (xt1 
and xt2).  The values of rex̂  and tex̂  represent the actual 
reductions in rotational and translational errors resulting 
from the application of a pulse of duration te.  Normalized 
Least Mean Square (NLMS) adaptation (with a unity 
learning rate) uses the values of rex̂ , tex̂ , and te to update 
a typical element t11 in the table in accordance with  
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areas defined in Figure 3.   
 
An indication of the results achievable with this 
adaptation scheme is shown in Figure 4.  The upper 
portion of this figure displays the sum of the squares of all 
the elements in the table governing rotational motions (the 
o’s) as well as in the table governing translational motions 
(the *’s) when given initial values 50% greater than the 
exact values used to generate Figure 2 as a function of 
run.  The bottom portion of Figure 4 displays the number 
of pulses required to reach the goal postion (generated 
randomly) for each run.  Tables are adapted after each 
pulse is applied.  As can be seen the sum of the squares of 



the errors in the tables decreases monotonically 
throughout the course of the runs, and the number of 
pulses required for each maneuver drops quickly to 
roughly 3 or less, essentially as good as that achieved 
with exact system parameters as shown in Figure 2.   
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Figure 4: Error and number of pulses with adaptation 

 
 
4. Experimental System 
 
To corroborate the results achieved in simulation 
described above, the experimental system shown in 
Figure 5 was used.  This two-link manipulator with one 
prismatic joint and one revolute joint has been used as a 
test bed for many studies of the dynamics of robots with 
dynamically coupled degrees of freedom.  The two joints 
are arranged such that the manipulator operates in a 
horizontal plane (the same as in the simulation model of 
Figure 1).  The revolute joint is driven through a 
harmonic drive by a permanent magnet DC motor 
mounted under the work surface.  The motor has a 
maximum rotation speed of 6000 rpm, a continuous stall 
torque of 0.23 N-m, and a peak torque of 1.69 N-m.  
Attached to the shaft of the motor is an optical encoder 
that gives a net resolution of 666.67 encoder counts per 
degree.  The total range of motion for the revolute joint is 
130o.  The axis of rotation of the revolute joint is vertical, 
and passes through, and is perpendicular to, the axis of the 
prismatic joint.  The housing for the prismatic joint is 
connected directly to the output shaft of the harmonic 
drive.  The prismatic joint is driven by a permanent 
magnetic DC motor with characteristics identical to that 
of the revolute joint.  The rotational motion of the motor 
is converted into the translational motion of the prismatic 
joint using a worm gear and a rack and pinion.  An optical 
encoder directly mounted on the motor shaft gives a net 
resolution of 365 encoder counts per mm.  The total range 
of motion for the translational link is 563 mm.   
 

 
Figure 5: Experimental system 

 
 
5. Experimental Results 
 
As opposed to the analytical approach to developing the 
tabular pulse-width controller used in simulation, the 
tabular pulse-width controller for the experimental system 
of Figure 5 was developed completely empirically.  
Determining the pulse durations empirically not only 
eliminates the need to solve complex dynamical equations 
but also naturally accounts for variations in responses 
obtained throughout the workspace of the robot.  To 
facilitate testing, a graphical user interface was written to 
gather data from tested motions and to generate initial 
pulse-width control tables.  Table generation requires 
three parameters: pulse amplitudes, ranges of pulse 
widths, and desired table resolution.  For the results 
reported here, the pulse amplitudes were chosen such that 
they were large enough to overcome static friction.  
Different amplitudes were required for each direction of 
motion for both the rotational and translational axes 
because of the strong directional dependence of the 
system.  For the studies reported here, the table resolution 
was set to 7 x 7.  During the table generation process, the 
robot was homed to the same initial position before each 
motion to reduce the effects of link position dependence.   
 
Shown in Figure 6 is the rotational positioning error as a 
function of time for a maneuver in which there is no 
adaptation of the values used in the tabular pulse-width 
controller.  Although the values in the table are not 
particularly bad and would typically yield convergent 
results, this case results in a limit cycle.  This illustrates 
one of the potential behaviors that can arise for small 
positioning errors when the controller is unable to respond 
to variations in system parameters.   
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Figure. 6: Rotational motion error without adaptation 

Shown in Figures 7 and 8 are the results achieved using 
the adaptation scheme described in Section III to adapt 
the values in the tabular pulse-width controller for a 
particularly difficult case.  Figure 7 displays the rotational 
positioning error over the course of the first attempt to 
achieve a given repositioning maneuver.  The controller 
ultimately reaches the desired rotational position with a 
positioning error of 0 encoder counts, but as can be seen, 
suffers several significant excursions from the goal 
position before finally reaching it.  Figure 8 shows the 
exact same maneuver during the third successive run 
while under control with tabular pulse-width control with 
adaptation.  During this third run, the response is now 
very well behaved throughout the maneuver.  Moreover, 
the goal position with 0 encoder count error is achieved in 
roughly one-fifth the time.   
 

 
Figure 7: Adapted rotational motion error - first run 

 
Figure 8: Adapted rotational motion error  - third run 

 
Although adaptive tabular pulse-width control 
consistently performed exceedingly well, one unusual 
difficulty that was observed was a phenomenon we 
referred to as “rollback.”  Predominantly seen in the 
behavior of the rack and pinion transmission driving the 
translational link, rollback was characterized by the link 
“rolling back” away from the desired goal position after a 
pulse had been applied but before the next one was 
initiated.  An illustration of this can be seen in Figure 9.  
The figure shows that when the link is a very small 
distance away from the goal position, the controller would 
apply a very short force pulse, the link would move a 
short distance, but would then “roll back” reducing its 
overall motion (this phenomenon was judged to be a 
consequence of gear tooth backlash and flexibility).  Even 
though roll back significantly degraded performance, we 
found that the adaptive tabular pulse-width controller was 
still ultimately able to consistently achieve a positioning 
error of 0 encoder counts in cases in which non-adaptive 
tabular pulse-width control produced a limit cycle.   
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Figure 9: “Roll-back” 

 
 
6.  Conclusion 
 
In conclusion, this paper has documented the evaluation 
of the performance, in both simulations and experiments, 
of using tabular pulse-width control with Normalized 
Least Mean Square (NLMS) adaptation applied to a two 
degree-of-freedom manipulator.  We have demonstrated 
the monotonic convergence of NLMS adaptation in 
simulation and presented experimental results illustrating 
the ability of the controller to consistently achieve a 
point-to-point maneuver positioning tolerance of +/- 0 
encoder counts (i.e., a positioning precision equal to the 
accuracy of the sensors employed).  These results were 
achieved with relatively small tables (7 x 7 tables were 
used for each axis here), and populating the tables was 
found to be easily automated.  Moreover, tabular pulse-
width control with NLMS adaptation was shown to be 
effective even with significant parameter variations and 
problematic behavior such as “roll-back.”   
 
Future research on this project will focus on improved 
efficiency of the adaptation algorithm and an optimization 



of the convergence time.  We also plan to collect 
significantly more data to statistically evaluate the 
dependence of performance on position within the 
workspace.  Comprehensive stability studies and analysis 
are also planned to determine the complete range of 
system parameters that will still yield a stable response.  
Further into the future, we intend to incorporate the 
benefits of input shaping [16] into pulse-width control to 
minimize residual vibration for flexible systems and to 
study the implementation of adaptive tabular pulse-width 
control in industrial robots.   
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