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Abstract:  Pulse-width control, when applied to single degree-of-freedom systems, is very 
effective in overcoming the deleterious effects of Coulomb friction and stiction.  This 
paper applies pulse-width control to a multi-degree-of-freedom mechanism.  Results are 
presented based both on simulations and on the performance of a two degree-of-freedom 
experimental manipulator developed at Bucknell University.  A unique aspect of this 
research is the use of a table of pulse-width gain values rather than simply a single gain 
for each axis of motion.  Results indicate that tabular pulse-width control produces 
responses that converge rapidly and achieve positioning accuracies equal to the precision 
of measurement sensors.  Copyright © 2006 IFAC 
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1. INTRODUCTION 

 
High precision mechanical devices, such as assembly 
robots, micro-mechanisms, surgical tools, and disk 
drives are currently employed in a large variety of 
industrial, service, and commercial tasks.  To 
function effectively, these mechanisms must 
typically be able to position a workpiece or 
component quickly and accurately.  For optimum 
performance, two obstacles inherent to such systems 
must be overcome: stiction and flexibility.  The 
performance of traditional controllers, such as 
proportional-integral-derivative (PID), is severely 
limited when confronted with significant amounts of 
either friction or flexibility.  This is manifested by 
the occurrence of limit cycles, exceedingly long 
convergence times, or the degradation of 
performance as system parameters change.   
 
As an alternative to traditional controllers for high 
precision applications, Yang and Tomizuka (1988) 
were the first to propose pulse-width control (PWC).  
Pulse-width control is particularly well suited to 
coping with the disparity between levels of static and 

kinetic friction and has been successfully applied to 
the control of robotic manipulators and other 
mechanisms in the presence of Coulomb friction and 
stiction.  As originally proposed by Yang and 
Tomizuka, pulse-width control utilizes rectangular 
force pulses of set amplitude and variable duration.  
The duration of the force pulse required to move a 
rigid, single-mass, translational system a distance e 
was shown to be 
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where tp is the force pulse duration, m is the mass of 
the system, fc is the Coulomb friction force acting on 
the mass, and fa is the actuator force applied to the 
mass.  Note that the amplitude of the actuator force 
pulse must be greater than the static friction force to 
ensure the initiation of motion.  Using Eq. (1), a 
single pulse should suffice to move the mass to its 
desired final position.  When the mass comes to rest 
after a single pulse at a position other than the 
desired one (due to uncertainties or variations in the 
values of the system parameters) additional pulses 
are applied, with the system coming to rest between 



 

     

successive pulses, until the desired position is 
achieved.  To evaluate the performance of PWC, 
Yang and Tomizuka conducted experiments with a 
mass driven by a single lead screw.  The 
experimental apparatus was specifically designed to 
be very rigid, with a low backlash lead screw and a 
non-compliant shaft.  The results demonstrated high 
positioning accuracy and a rapid response.  
Moreover, an adaptive version of the pulse-width 
controller was shown to be robust and capable of 
tolerating significant variations in system parameters.   
 
Rathbun, Berg, and Buffinton (2004a; 2004b) 
extended the theory of PWC and applied it to a truely 
industrial system, namely a large (14m x 7.5m x 3m 
workspace) gantry-style, prismatically jointed robot.  
For this system, a simple proportional-integral 
controller was used to move the end-effector 
relatively close to its desired position.  When the PI 
controller no longer effectively moved the system 
closer to the desired position, PWC was implemented 
(PWC is intended to be applied when a system is 
close to its desired position).   
 
Wu and Tung (2004), using a nearly identical 
apparatus to that of Yang and Tomizuka, also 
significantly furthered the development of PWC.  
Instead of using predetermined durations for a force 
pulse, however, the force pulse was simply applied 
until the velocity of the mass rose above a predefined 
threshold, at which time the application of the pulse 
was terminated until the velocity was again below 
the threshold or within the specified tolerance.   
 
Other studies of the use of pulse-width position 
control have been conduced by Kim and Singh 
(2003; 2004), Popovic, Gorinevsky, and Goldenberg 
(2000), and Wijdeven and Singh (2003).  In addition, 
Armstrong-Hélouvry (1991) described the use of an 
“impulsive controller” in “friction compensated force 
control.”  Using the same flexible system model as 
Rathbun et al., Kim and Singh focused on 
eliminating residual vibration using linear 
programming.  Popovic, Gorinevsky, and 
Goldenberg developed a fuzzy logic controller that 
used short torque pulses to achieve high positioning 
accuracy in the presence of friction with nonlinear 
characteristics.  Wijdeven and Singh developed an 
adaptive controller that varied both pulse width and 
pulse amplitude.  The impulsive controller developed 
by Armstrong-Hélouvry was used in conjunction 
with a specified desired contact force and tabular 
position-dependent friction compensation to control 
the motion of a PUMA 560 robot performing a wire 
insertion task.   
 
To date, the majority of the analyses and experiments 
with pulse-width control have been done with 
translational systems (Yang and Tomizuka, 1988; 
Rathbun, et al., 2004a, 2004b; Wu and Tung, 2004; 
Kim and Singh, 2003, 2004; van de Wijdeven and 
Singh, 2003), although pulse-width control has 
occasionally been applied to the control of a single 
joint of revolute-jointed systems (Popovic, et al., 

2000; Armstrong-Hélouvry, 1991; Pongpunwattana, 
1999).  Popovic, Gorinevsky, and Goldenberg (2000) 
used only the first joint of their two-link, direct-drive 
manipulator in their experiments and Armstrong-
Hélouvry (1991) applied impulsive control to only 
the first joint of a PUMA robot while joints 2 and 3 
were controlled with “the standard industrial 
controller.”  Pongpunwattana (1999) conducted 
theoretical and experimental studies of the 
application of PWC to a single-link, revolute-jointed 
flexible robotic arm and demonstrated that for single-
link arms the methods developed by Rathbun, Berg, 
and Buffinton are directly applicable.   
 
The only documented investigations of the 
application of PWC to multi-link systems with 
dynamically coupled axes of motion have been done 
by Arif (2004), Beal (2005), and Perkins (2005) [an 
extension of the work of Perkins is presented by 
Buffinton et al. (2005)].  Arif developed simulations 
of both rigid and flexible manipulators with two 
revolute joints under PWC.  She showed that a direct 
application of the controller developed by Yang and 
Tomizuka, without accounting for dynamic coupling, 
did not generally produce convergent results and in 
many cases lead to instability.  Beal extended the 
work of Arif and investigated various other pulse-
width control schemes and applied them in 
simulation to a two-link, revolute jointed 
manipulator.  Beal established that for dynamically 
coupled, multiple degree-of-freedom systems, a 
direct application of Eq. (1) is inadequate and that the 
coupling between links must be explicitly taken into 
account in the determination of appropriate pulse 
durations.  In his most successful scheme, Beal made 
direct use of the coupled equations of motion to 
develop lookup tables (in some ways similar to 
Armstrong-Hélouvry’s tabular compensation 
method) for the pulse durations needed to produce a 
desired maneuver.  This tabular method was shown 
not only to be effective and robust when subject to 
variations in system parameters, but also to require 
relatively small quantities of tabulated values even 
when simple linear interpolation was used to 
determine values between table entries.  Beal’s 
results additionally demonstrated that a tabular pulse-
width controller developed with a rigid body model 
could be used to effectively control a corresponding 
flexible system by taking advantage of the piecewise 
linear gain method developed by Rathbun, Berg, and 
Buffinton.   
 
The research described in this paper is a further 
extension of the work done by Perkins (2005) and 
specifically documents the results of simulations and 
experimental implementation of the tabular pulse-
width controller developed by Beal (2005).  In both 
simulations and experiments, the tabular controller is 
applied to a two degree-of-freedom manipulator with 
rigid links.  The manipulator used for experiments 
was developed at Bucknell University and has one 
prismatic joint and one revolute joint (Parker, 1992; 
Phillips, 1999; Evans, 2005).  For the simulations, the 
tabular controller uses gain values calculated from a 



 

     

linearized system model.  The gain values used 
during the experiments were determined empirically.  
Results indicate that the use of lookup tables in 
implementing PWC is a viable approach for systems 
with multiple degrees of freedom.  Moreover, these 
results lay a foundation for the development of an 
adaptive method that updates the table entries and 
adapts to variations in friction and other parameters 
values.   
 
 

2. SIMULATIONS 
 
To initially evaluate effectiveness, simulations of 
tabular pulse-width control were conducted and 
compared to results obtained with a direct 
application of the approach used by Yang and 
Tomizuka.  The system model used in the 
simulations is shown in Figure 1.  The system has 
two joints, one revolute and one prismatic.  To 
perform system maneuvers, a torque can be applied 
at point O and a force can be applied at point P to 
drive rotational and translational motions, 
respectively.   

Fig. 1. Simulation System Model. 
 
Values of the system parameters used in the 
simulations were largely chosen arbitrarily, although 
the values of the stiction and Coulomb friction 
torques were selected based on values reported by 
Pongpunwattana (1999) and accentuate the sticking 
behavior of the system due to the relatively large 
difference in their values.  A Karnopp model 
(Haessig and Friedland, 1991) was used to model the 
friction acting on the system.   
 
Once a validated dynamic model of the system was 
available, a simulation of the response of the system 
was performed with a controller that neglected the 
coupling between the two links and directly applied 
Eq. (1) to the determination of pulse lengths for each 
link independently.  This is the simplest possible 
application of the work of Yang and Tomizuka to a 
two-link revolute jointed system.  Results achieved 
with this controller are presented in Figure 2.  This 
figure shows both the rotation angle q1 (in the top 
plot) and the translational distance q2 (in the bottom 
plot) as a function of time.  In the two plots, the solid 
curves show q1 and q2 over the course of the 

simulation.  The dotted and dashed rectangular traces 
show the torque and force pulse profiles applied to 
each link, and the dashed line shows the desired 
orientation and position of each link.  As can be seen, 
the rate of convergence is extremely slow.  This is a 
result of using a controller that neglects the coupling 
that exists between the links and clearly has a 
significant impact on the motion.   
 

0 0.5 1 1.5 2 2.5 3

0

1

2

3

4

5

6

Orientation of Link A

t (sec)

q1
 (d

eg
)

Desired orientation
Actual orientation
Actuator torque at O
Actuator force at P

 

0 0.5 1 1.5 2 2.5 3

0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

0.09

0.1

Position of Link B

t (sec)

q2
 (m

)

Desired position
Actual position
Actuator torque at O
Actuator force at P

 
Fig. 2. Rotation and Translation Resulting from PWC 

Neglecting Coupling. 
 
In an effort to develop a controller that gives 
effective and reliable values for pulse durations, the 
linearized dynamical equations governing the 
response of the system in Figure 1 were used to 
generate lookup tables for the pulse durations 
corresponding to given values of the errors in q1 and 
q2.  There were two steps to the development of this 
controller.  The first step was to calculate the values 
in the tables, while the second was to use two-
dimensional linear interpolation of the tabulated 
values to generate control inputs to the system.   
 
Such a tabular pulse-width controller was used to 
produce the simulation results shown in Figure 3.  In 
this simulation, the exact values of the system 
parameters were used as inputs to the controller.  Not 
surprisingly, with perfect parameter estimates, 
essentially only one torque pulse and one force pulse 
from each actuator was needed to move the system to 
the desired orientation.  Note, that although the single 
pulse is only possible because the exact system 
parameters were used to create the table, robustness 
tests performed by varying system parameters still 
showed rapid convergence.   
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Fig. 3. Rotation and Translation Achieved with 

Tabular PWC. 
 
 

3. EXPERIMENTAL SYSTEM 
 
To evaluate the performance of pulse-width control 
applied to an actual robotic manipulator, the 
experimental system shown in Figure 4 was used.  
This two-link robot, originally built by Parker (1992) 
and updated by Phillips (1999) and Evans (2005), 
has been used as a test bed for the study of robots 
with dynamically coupled degrees of freedom.  The 
robot has two joints: one revolute and one prismatic.  
The two joints are arranged such that the manipulator 
operates in a horizontal plane, as shown in Figure 1.  
The revolute joint is driven through a harmonic drive 
by a permanent magnet DC motor mounted under the 
work surface.  The motor has a maximum rotation 
speed of 6000 rpm, a continuous stall torque of 0.23 
N-m, and a peak torque of 1.69 N-m.    Attached to 
the shaft of the motor is an optical encoder that gives 
a net resolution of 666.67 encoder counts per degree.  
The total range of motion for the revolute joint is 
130o.  The axis of rotation of the revolute joint is 
vertical, and passes through, and is perpendicular to, 
the axis of the prismatic joint.  The housing for the 
prismatic joint is connected directly to the output 
shaft of the harmonic drive.  The prismatic joint is 
driven by a permanent magnetic DC motor with 
characteristics identical to that of the revolute joint.  
The rotational motion of the motor is converted into 
the translational motion of the prismatic joint using a 
worm gear and a rack and pinion.  The rack 

introduces less than 0.1 mm of backlash.  An optical 
encoder directly mounted on the motor shaft gives a 
net resolution of 365 encoder counts per mm.   

 
Fig. 4. Experimental System. 
 
The translational link used in producing the results 
described in Section 4 is made from aluminum and is 
750 mm long, 50.8 mm high, and 6.35 mm wide.  
The experimentally determined bending stiffness 
(elastic modulus times cross-sectional area moment) 
is 72.0 N-m2.  The total range of motion for the 
prismatic link is 563 mm.   
 
 

4. EXPERIMENTAL RESULTS 
 
As opposed to the analytical approach to developing 
the tabular pulse-width controller used in simulation, 
the tabular pulse-width controller for the 
experimental system of Figure 4 was developed 
completely empirically.  Determining the pulse 
durations empirically not only eliminates the need to 
solve complex dynamical equations but also naturally 
accounts for variations in responses obtained 
throughout the workspace of the robot.  To facilitate 
testing, a graphical user interface was written to 
gather data from tested motions and to generate the 
pulse-width control tables.  Table generation requires 
three parameters: pulse amplitudes, ranges of pulse 
widths, and desired table resolution.  For the results 
reported here, the pulse amplitudes were chosen such 
that they were large enough to overcome static 
friction and sustain motion for at least 0.5 seconds.  
Different amplitudes were required for each direction 
of motion for both the rotational and translational 
axes because of the strong directional dependence of 
the system.  The pulse durations themselves ranged 
from 0 to 1.0 seconds, and the table resolution was 
set to 5 x 5.  During the table generation process, the 
robot was homed to the same initial position before 
each motion to reduce the effects of link position 
dependence.  A graphical representation of the table 
generation process is given in Figure 5.   
 



 

     

 
Fig. 5. Graphical Representation of the Table 

Generation Process. 
 
As can be seen in the figure, the 25 sets of pulses 
cause the robot to move to 25 locations within a 
semi-annular region of its workspace.  The resulting 
data are shown in Tables 1 and 2.  These tables 
display the distances travelled, either in degrees or 
mm, of each of the two links when various pulse 
combinations are applied simultaneously.   
 

Table 1 Experimental pulse duration table for 
rotational distance traveled 

 
Rotational Distance Traveled (degrees) 

 Translational Pulse Widths (s) 
 -0.50 -0.25 0.00 0.25 0.50 

-0.50 -18.50 -19.21 -18.55 -19.18 -19.60 
-0.25 -8.612 -8.795 -8.969 -8.385 -9.384 
0.00 0.000 0.000 0.000 0.000 0.000 
0.25 7.841 8.025 7.967 8.301 8.573 Ro

ta
te

 P
ul

se
 

W
id

th
s (

s)
 

0.50 16.44 16.57 16.60 17.10 16.23 
 

Table 2 Experimental pulse duration table for 
translational distance traveled 

 
Translational Distance Traveled (mm) 

 Translational Pulse Widths (s) 
 -0.50 -0.25 0.00 0.25 0.50 
-0.50 -149.2 -74.83 0.460 61.91 131.7 
-0.25 -153.0 -73.69 -2.003 59.35 131.1 
0.00 -152.1 -73.93 0.055 60.61 131.3 
0.25 -151.6 -75.05 -1.403 60.51 131.5 R

ot
at

e 
Pu

ls
e 

W
id

th
s (

s)
 

0.50 -152.4 -75.66 -0.126 59.70 132.5 
 
Although Tables 1 and 2 show the displacements 
resulting from the application of various sets of 
pulses, relationships that provide the pulse durations 
corresponding to a given set of position errors are 
needed to control the system.  These are obtained by 
“reverse interpolation” of the data in the tables.  For 
example, for displacement errors of 12o and 35 mm, 
the first step in this reverse interpolation process is to 
identify the two arrays of pulse widths in each table 
that bracket the desired displacements.  In the current 
example, this would be rows 3 and 4 in Table 1 and 
columns 3 and 4 in Table 2.  For each of the two 
arrays, the pulse times corresponding to the desired 
displacements are interpolated between adjoining 
cells and plotted on a Translational Pulse Width 
versus Rotational Pulse Width grid as shown in 
Figure 6.  The intersection of the two lines gives the 
required pulse widths, which for this example are 
0.361 seconds for the rotational motion and 0.147 
seconds for the translational motion.  Note that in 

Figure 6 the two lines that determine the pulses are 
almost perpendicular.  This is a result of the 
relatively weak coupling in this particular system.  
For systems with greater amounts of coupling, the 
lines would be far less close to perpendicular.   
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Fig. 6. Interpolated Arrays on Translational versus 

Rotational Axes. 
 
The results of applying tabular pulse-width control to 
the system of Figure 4 are shown in Figure 7.  This 
figure shows the rotational and translational positions 
of the links (in terms of motor encoder counts) 
throughout a maneuver in which the links are 
commanded to return to their home positions.  As can 
be seen, the tabular pulse-width controller developed 
here is quite effective in achieving the desired 
results.  Although there is slight overshoot in the 
rotational motion, both rotational and translational 
motions converge quickly to their desired final 
values.  Note that experimental results, such as those 
displayed in Figure 7, are not the “perfect” results 
achieved in simulation, such as those of Figure 3.  
Tabular pulse-width control does not guarantee a 
perfect response, but its ability to account for 
dynamic coupling does produce a response that is far 
superior to the poor, and often unstable, response 
obtained with the pulse-width controller used to 
produce Figure 2.  Moreover, the final positioning 
accuracy achieved with tabular PWC for maneuvers 
such as those shown in Figure 7 was less than or 
equal to 1 encoder count.  This level of accuracy was 
consistently attained for a wide variety of maneuvers 
within the workspace of the robot.   
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Fig. 7. Typical Repositing Maneuver with Tabular 

PWC (position displayed in term of motor 
encoder counts). 

 



 

     

Although tabular PWC consistently performed 
exceedingly well, one difficulty was occasionally 
encountered in positioning the translational link.  The 
response of the translational link, driven by a rack 
and pinion, showed a very strong position 
dependence that hampered its convergence.  At 
particular points within its range of motion, after the 
link had reached a steady state position yet was still a 
very small distance away from the desired position, 
the tabular pulse-width controller would send a very 
short force pulse, the rack would move a short 
distance, and then return to its pre-pulse position.  
This phenomenon was judged to be a consequence of 
gear backlash and sometimes produced a limit cycle 
that kept the link from reaching its desired position.  
This difficulty was not encountered with the 
rotational link, which succeeded in reaching a steady 
state error of 1 encoder count or less in every test.   
 
 

5. CONCLUSIONS 
 
This paper documents simulated and experimental 
investigations into the application of pulse-width 
control to a two degree-of-freedom manipulator.  As 
originally demonstrated in simulation by Beal 
(2005), direct use of the constant pulse-width gain 
relationship developed by Yang and Tomizuka 
(1988) [Eq. (1) in this paper] is inadequate for 
coupled multi-degree-of-freedom systems.  This is 
primarily a result of the dynamic coupling between 
degrees of freedom and the spatial dependence of 
friction parameters.  For the simulations performed 
for this paper, using a constant gain controller 
consistently produced either at best unreasonably 
long settling times or at worst unstable responses.  
These considerations, and efforts to overcome them, 
lead Beal to develop a tabular pulse-width controller.  
As implemented  here, a tabular controller produced 
“perfect” results in simulation, requiring essentially 
only one torque or force pulse for each degree of 
freedom, as well as positioning errors of less than or 
equal to only 1 encoder count in experiments.  These 
results are particularly important in light of the fact 
that most industrial robots have multiple, coupled 
degrees of freedom and may have workspaces with 
dramatically different frictional characteristics in 
different regions.  A tabular approach seems to offer 
an excellent opportunity for the gain of a pulse-width 
controller to vary (even without adaptation) as a 
function of end-effector position and orientation as 
well as potentially a variety of other system 
parameters.   
 
Tabular pulse-width control has two other distinct 
advantages.  First, the use of a pre-determined table 
allows complex calculation algorithms to be used, if 
desired, to determine the pulse durations for each 
link.  Since these calculations do not need to be 
performed in real-time, they do not adversely affect 
the cycle time of the controller.  Second, the values 
in the table are easily modified or updated, and the 
table can be recalculated periodically when new data 
are available.  Indeed, once a pulse duration is 

determined, the controller has little to do while the 
system is moving, and there is thus an opportunity to 
take advantage of this “free” time to update the table.  
This makes the controller extremely flexible and 
capable of being readily incorporated into an 
adaptive control scheme, which would decrease the 
number of pulses required to reach desired positions.   
 
Although the use of a lookup table is criticized by 
Popovic et al. (2000) for requiring large amounts of 
memory and extensive experimentation to develop 
[such as was needed for the friction compensation 
tables developed by Armstrong-Hélouvry (1991)], 
we have found that relative small tables (see for 
example, Tables 1 and 2, which have only 5 values 
per direction of motion) are sufficient.  While the 
initial experimentation needed to determine 
statistically valid table entries is not insignificant, 
this process could be automated to minimize the time 
and effort required.  Moreover, once the values in the 
table have been established, they could be easily 
updated using algorithms such as those described by 
Vogt et al. (2004).  The development of appropriate 
and effective adaptation algorithms is in fact the 
topic of ongoing research.   
 
Issues related to the use of pulse width control for 
flexible, rather than rigid, systems have not been 
addressed in this paper but are also topics of current 
research.  Particular issues that are being studied are 
both the need to minimize residual vibrations and the 
criteria for determining when vibration has decreased 
sufficiently to apply the next pulse.  Minimizing 
residual vibration is an especially important concern 
if reasonable settling times are to be achieved for 
lightly damped systems.  The work of Kim and Singh 
(2003, 2004) provides insights into possible 
approaches.  The methods developed by Singhose 
(1997) and commonly referred to as “input-shaping” 
may also prove to be useful.  As for criteria defining 
when to apply the next pulse, various approaches can 
be found in the literature.  For rigid-mass systems 
with a single degree of freedom, a system can be 
considered at rest and ready for the next pulse 
whenever the velocity of the mass falls below a 
threshold value, as was done in (Yang and Tomizuka, 
1988; Wu and Tung, 2004; and Wijdeven and Singh, 
2003).  Alternatively, pulses can simply be applied at 
selected time intervals, typically based on a fixed 
sampling period, such as in (Popovic et al., 2000; 
Armstrong-Hélouvry 1991; and Perkins, 2005).  For 
flexible systems, pulses are typically applied, both in 
simulations and experiments, when an estimate of the 
system energy falls below a threshold value, such as 
was done in (Rathbun et al., 2004a, 2004b; 
Pongpunwattana, 1999; Arif, 2004; Beal, 2005; 
Perkins, 2005; Buffinton et al., 2005), although 
systematic methods for choosing a threshold that 
balances overall settling times and stability are not 
available.  Particularly for lightly damped systems, 
minimizing residual vibration and the development 
of robust and efficacious methods for determining 
pulse application thresholds are areas in need of 
further study.   



 

     

 
In summary, this paper has significantly advanced 
the state of understanding of the performance of 
pulse-width control.  As a first step toward its 
application in multi-link industrial robots, a pulse-
width controller has been used to effectively and 
accurately control motions of a two degree-of-
freedom manipulator.  Specifically, a tabular pulse-
width controller has been shown to be effective in 
determining pulse durations for achieving 
positioning accuracies of less than or equal to 1 
motor encoder count.  Most importantly, the work 
described in this paper has laid the groundwork for 
more advanced studies of pulse-width control that 
include systems with particularly strong dynamic 
coupling, significant link or joint flexibility, and real-
time adaptation of control parameters.   
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